We study the general class of gravitational field theories constructed on the basis of scale invariance (and therefore absence of any mass parameters) and invariance under transverse diffeomorphisms (TDiff), which are the 4-volume conserving coordinate transformations. We show that these theories are equivalent to a specific type of scalar-tensor theories of gravity (invariant under all diffeomorphisms) with a number of properties, making them phenomenologically interesting. They contain, in addition to the dimensionless coupling constants of the original theory, an arbitrary dimensionful parameter Λ 0 . This parameter is associated with an integration constant of the equations of motion, similar to the arbitrary cosmological constant appearing in unimodular gravity. We focus on the theories where Newton's constant and the electroweak scale emerge from the spontaneous breaking of scale invariance and are unrelated to Λ 0 . The massless particle spectrum of these theories contains the graviton and a new particle -dilaton. For Λ 0 = 0, the massless dilaton has only derivative couplings to matter fields and the bounds on the existence of a 5th force are easily satisfied. As for the matter fields, we determine the conditions leading to a renormalizable low-energy theory. If Λ 0 = 0, scale invariance is broken. The arbitrary constant Λ 0 produces a "run-away" potential for the dilaton. As a consequence, the dilaton can act as a dynamical dark energy component. We elucidate the origin of the cosmological constant in the class of theories under consideration and formulate the condition leading to its absence. If this condition is satisfied, dark energy is purely dynamical and associated to the dilaton.
Introduction
General Relativity (GR) and the Standard Model of particle physics (SM) are characterized by two very different energy scales: the Planck mass M P (related to Newton's constant as M P = (8πG N ) −1/2 = 2.4 · 10 18 GeV) in the case of GR and the vacuum expectation value of the Higgs field in the SM, v ≃ 250 GeV. 1 In theories where a scalar field φ interacts "non-minimally" with the scalar curvature R through a term ξφ 2 R, the Planck mass can be generated dynamically [1, 2] . In such theories, the Planck scale and the electroweak scale may have a common origin. A minimal option to realize this idea is to identify the scalar field φ with the Higgs field of the SM and choose the constant ξ ∼ M P /M W ∼ 10 16 . In this case, the origin of the Planck scale is related to the electroweak symmetry breaking and the existence of a very large dimensionless constant [3, 4] . However, in this theory the Higgs field almost completely decouples from the other fields of the SM [3, 4] , leading to contradiction with the precision tests of the electroweak theory. Moreover, the validity of theories with such large dimensionless parameters remains unclear. Therefore, adding extra fields to the SM and GR seems unavoidable for the realization of the "one-scale" scenario. The addition of new fields is further motivated by the fact that it allows to implement the idea of a "no-scale" scenario (see below).
In [5] two of us (M. S. and D. Z.) proposed an extension of the SM and GR containing an extra real scalar field χ -dilaton -and containing no absolute energy scale. Earlier works with similar ideas, but different in a number of essential points, include [6, 7, 8] . The Lagrangian of the model was fixed with the following principles:
i) The action does not contain terms with more than two derivatives.
ii) The action is invariant under global scale transformations
where Φ stands for the different fields in the action (scalar, spinor, vector and gravitational), λ is an arbitrary real constant and d Φ is the canonical mass dimension of the field Φ. The dilatational invariance is not preserved by the standard regularization schemes (such as dimensional regularization, Pauli-Villars regularization, cut-off regularization or lattice regularization) used in the Jordan frame formulation of the theory 2 . In fact, all these schemes introduce an explicit parameter with dimension of mass and hence break scale invariance. This eventually translates into the presence of anomalies. However, for the cases where scale invariance is spontaneously-broken, one can formulate modified regularization schemes that do not introduce any intrinsic mass parameter 3 , i.e. that are anomaly-free. The scale-invariant version of dimensional regularization is discussed in [11, 12] , the field-dependent cut-off in [8] and lattice regularization in [13] . The resulting effective, rather than fundamental, field theories [14] are scale-invariant to all orders of perturbation theory. The existence of scale-invariant regularization schemes suggests that exact scale invariance can still be a legitimate guiding principle for the construction of new theories.
iii) The particle physics part of the theory given in the Jordan frame is polynomial in the different fields.
iv) The Higgs-dilaton potential in the Jordan frame contains a flat direction and leads to spontaneous breaking of scale invariance. Any vacuum state on this flat direction gives rise to identical physics 4 . The Planck scale, particle masses, and quantum dimensional transmutation parameters like Λ QCD are generated dynamically.
v) The space-time metric obeys the constraint g = −1, where g = det g µν , corresponding to Unimodular Gravity (UG) [16, 17, 18, 19, 20, 21, 22, 23] , rather than conventional GR.
Besides realizing the "no-scale" scenario, this proposal solves (in a technical sense) the problem of stability of the Higgs mass against radiative corrections, which are kept small due to the exact scale invariance. For the precise meaning of this statement, see [12] . The requirement iv) leads to the absence of a cosmological constant term. The spontaneous breakdown of scale invariance naturally provides a mechanism for inflation. In addition, the almost massless and very weakly coupled dilaton acts as dynamical dark energy.
In the present work, we will consider the proposal of [5] , and extend it to a setup in which the additional scalar degree of freedom appears as a part of the metric field. To introduce the setup, let us first recall that the spectrum of GR consist of just massless spin-two degrees of freedom (which is intimately related to the invariance of the theory under diffeomorphisms, called Diff invariance henceforth) [24] . The only other possible metric theory of gravity sharing this feature is unimodular gravity (UG) [16, 25] . Both possibilities are nearly equivalent (at least at the classical level): any solution of the UG equations of motion corresponds to a solution of the GR equations with a particular value of the cosmological constant Λ = Λ 0 . The only difference is that the parameter Λ in GR is a fundamental constant while Λ 0 in UG is an integration constant determined by initial conditions. One can go beyond GR by considering the (perhaps) more physical requirement of having a consistent metric theory including spin-two polarization. It can be proven [16, 25] that the minimal group of gauge invariance required to construct such a theory is the subgroup of coordinate transformations 2) which is generated by the subalgebra of transverse vectors,
We will refer to these transformations as transverse diffeomorphisms (TDiff) 5 . Under TDiff transformations the determinant of the metric g transforms as a scalar. Even more, in 4 It is important to distinguish this way of spontaneous breaking of scale invariance from the approach presented in [15] . The authors of [15] argued that the mere existence of cosmological evolution may be enough to provide an energy scale from which every other mass can be derived. It is, though, unclear whether this proposal can be made phenomenologically acceptable. 5 There are different names for these transformations in the literature, including volume or area preserving diffeomorphisms. In this work we will use the name TDiff as it does not make any reference to the dimensionality of space-time. Besides, we will use the term "TDiff theories" for theories invariant under TDiff.
TDiff theories g generally corresponds to a propagating scalar degree of freedom, the only exceptions being GR and UG [25] . As has been argued in the past, a TDiff theory is not equivalent to standard scalar-tensor gravity but rather to UG plus a new scalar field, which is potentially massive [19, 25] . The objective of this work is to study general properties of scale-invariant TDiff theories, and to show that they are phenomenologically viable. We mainly work with the classical theory.
The paper is organized as follows. We start in Section 2 with a discussion of TDiff gravity theories and provide a simple proof of their classical equivalence to Diff invariant theories of gravity with an arbitrary integration constant Λ 0 . After discussing the background solutions, we explicitly show that a scalar degree of freedom is present in the gravitational sector. From this analysis, we clarify the role of Λ 0 as an extra initial condition representing a new coupling constant of a peculiar potential for the scalar field.
Next, the attention is turned to scale-invariant TDiff theories (Section 3). It is shown that TDiff invariance allows to choose potentials that lead to spontaneous breaking of scale invariance and thereby generate all energy scales of the theory. For the particle physics phenomenology we focus on the potentials that allow for a stable static background 6 , which in particular requires Λ 0 = 0.We find that the particle spectrum around such a background necessarily contains a massless scalar excitation, the Goldstone boson of the spontaneouslybroken scale symmetry. Since this particle can not play the role of the SM Higgs field, we include an additional scalar field (in a realistic theory this can be the complex scalar doublet of the SM.) After passing to the Einstein frame, we identify the massless field (dilaton) and the potentially massive field (Higgs boson). 7 In the Einstein frame the original scale invariance, existing in the Jordan frame, is replaced by a shift symmetry of the dilaton field. As long as Λ 0 = 0, the shift symmetry is unbroken and the dilaton couples only derivatively. Hence, it easily avoids experimental bounds on the existence of a long-ranged 5th force. The case Λ 0 = 0 is relevant for cosmological considerations (which are deferred to Section 8). Besides, for Λ 0 = 0 the shift symmetry is broken by the presence of a new interaction term between the dilaton and the Higgs field with an interaction scale related to the integration constant.
In Sections 4 and 5 we include gauge fields and fermions in our considerations and define the conditions yielding a model with massive gauge vectors (potentials related to the Higgs model). These results are used in Section 6 to outline how the new framework can be applied to the Standard Model. In Section 7 we summarize the requirements to be imposed on the scale-invariant TDiff Lagrangians which lead to an acceptable low-energy phenomenology. In addition, we present particular examples of scale-invariant TDiff theories that satisfy these requirements. One of the examples corresponds to the model of [5] .
Section 8 briefly discusses the case Λ 0 = 0 and cosmological applications. We will show that for a certain class of potentials, the cosmological solutions are very similar to those found in the particular case discussed in [5] . Namely, the spontaneous breakdown of scale invariance due to the flat direction in the scalar potential dynamically generates Newton's gravitational constant and particle masses and thereby provides a mechanism for inflation, whereas the breakdown of scale invariance due to the Λ 0 -term leads to dynamical dark energy. We show here that in spite of the fact that Λ 0 = 0, the dilaton practically decouples and thus evades all the constraints on extra forces.
We present our conclusions in Section 9.
TDiff invariant theories of gravity
The group of invariance of Einstein's theory of General Relativity is the group of all diffeomorphisms (coordinate changes)
whose infinitesimal form is
We will refer to the group of all diffeomorphisms with the abbreviation Diff. If gravity is described by a symmetric metric g µν , Diff invariance, together with the requirement that the field equations should contain no higher than second derivatives, uniquely fixes the form of the gravitational action. Diff invariance also dictates how matter fields are coupled to gravity (with the possibility of non-minimal couplings), resulting in an extremely successful theory [26] . Looking for theoretical alternatives to GR, one can consider the question of finding the minimal group of gauge invariance giving rise to a satisfactory theory of gravitation (in particular including spin-2 excitations) 8 . The answer to this question is the TDiff group that was introduced in (1.2), cf. [16, 25] . This is one of the motivations for exploring TDiff gravity, see e.g. [19, 25, 29, 30] .
Unlike Diff invariance, TDiff invariance does not uniquely fix the form of the gravitational action. In particular, the action can contain arbitrary functions of the metric determinant, g, since it is a scalar under TDiff. The most general TDiff invariant action for gravity containing no higher than second derivatives is therefore 9
where f (−g), G(−g) and v(−g) are arbitrary functions and M is an a priori arbitrary mass scale. For the previous action to be defined (in particular for the existence of g µν ), it is necessary that −g > 0, which we will assume henceforth. The couplings between gravity and matter based on TDiff invariance are also much less restricted than in the case of Diff invariance. Just like the gravitational part of the action, they can contain arbitrary functions 8 Here we will only consider the case of Lorentz invariant theories. For viable theories of gravity without Lorentz invariance see e.g. [27, 28] . 9 We will follow Weinberg's conventions:
of g. We will refer to the arbitrary functions of g as "Theory-Defining Functions" (TDF). Ultimately, all TDF will be restricted by theoretical and phenomenological considerations. The action S T D describes in general three propagating degrees of freedom, the graviton plus a new scalar. There are two particular choices for the arbitrary functions that enhance the TDiff invariance by an additional local invariance such that the scalar degree of freedom is absent [25] . The first one obviously corresponds to GR (f = const., v = const., G = 0). The second one corresponds to choosing the functions such that the action is invariant under local (Weyl) rescalings of the metric g µν → e 2σ(x) g µν , where σ(x) is an arbitrary function (f = (−g) −1/4 , v = 0, G = − 3 32 (−g) −9/4 ). In this second case (sometimes called WTDiff), the action depends on the metric only through the unimodular metricĝ µν = g µν (−g) −1/4 . Therefore, this case exactly corresponds to UG.
Except for the previous cases, we expect the theory to have arbitrary G and v, which implies the existence of a new scalar degree of freedom in the field g µν . Depending on its mass this will have different phenomenological consequences (in particular for searches of 5th forces). As we will explicitly show in the next section, the theory can be reformulated in the more standard framework where the additional degree of freedom appears as a new type of "matter" (or source for the standard GR metric) that can mediate interactions between other fields of the SM. Thus, the distinction between gravity and matter becomes ambiguous in these theories. In particular, this allows us to relate the Higgs field of the SM to the determinant of the metric, and to interpret the "new" interactions within the SM framework.
Equivalent Diff invariant theories
It proves very convenient to reformulate TDiff invariant theories as Diff invariant theories, where the extra degree of freedom appears explicitly. In this section we will make use of the Stückelberg formalism to achieve this goal (see also [19, 23, 31, 32] for related works).
Let us consider the generic TDiff invariant Lagrangian (2.3). To start with, note that one can always add an arbitrary constant Λ 0 to this Lagrangian, without changing the theory. Next, one can transform the associated action to an arbitrary coordinate frame by performing a generic Diff transformation. The resulting action is
where a(x) ≡ J(x) −2 , J(x) being the Jacobian of the Diff transformation, and Λ 0 is the aforementioned arbitrary constant. The action (2.4) is classically equivalent to (2.3) and the equations of motion for g µν are identical. Let us now promote a(x) to a dynamical field (commonly called Stückelberg, Goldstone or Compensator field) and let it transform under the Diff (2.2) like the determinant of the metric, i.e. as
As a consequence, the action (2.4) is invariant under Diff,
If the metric satisfies its equations of motion, the previous identity is reduced to
This identity is valid for arbitrary ξ µ and hence the equations of motion of the metric imply
where C 0 is an arbitrary integration constant. The left-hand side of these equations contains a term proportional to Λ 0 , which has exactly the same form as the term on the right-hand side. Hence, the term of the right-hand side can always be absorbed by a redefinition of the arbitrary constant Λ 0 , resulting in
This is enough to prove that the equations of motion derived from (2.4), considering g µν and a as independent fields, are equivalent to those derived from (2.3), where only g µν is varied. By construction, the new action has an additional local invariance. In the gauge a = 1 (which we assume to be achievable) the solutions of the new equations are exactly the same as those gotten from (2.3). Solutions derived in a gauge a = 1 also correspond to the solutions of (2.3), however now written in different coordinates. We will refer to the model characterized by the Lagrangian density L e in (2.4) as the equivalent Diff invariant theory. Also in the rest of this paper the subscript e will be used in this sense. Let us now define the field
which is a scalar under all diffeomorphisms, and rewrite the Lagrangian as
where
The theory formulated this way reduces to (2.3) after imposing the gauge condition −g = σ (corresponding to a = 1). For any other gauge conditions with −g = σ (which may be more convenient for other reasons), it still corresponds to the original TDiff theory but written in new coordinates related to the original ones by a transformation with Jacobian J = 1.
The appearance of a new parameter Λ 0 is a general feature of TDiff theories (see also [33] for other theories of gravity involving arbitrary integration constants). For f (−g) = (−g) −1/4 * cst. (like in pure UG [16, 17, 18, 23] ) it plays the role of a cosmological constant. In all other cases, Λ 0 leads to a new specific potential term for the scalar field σ. At this point, we would like to stress that Λ 0 is a parameter characterizing the solution of the equations of motion and is not a fundamental coupling constant in the action (2.3). At the classical level, Λ 0 should be understood as an additional global degree of freedom which turns out to be a constant of the motion: once the initial conditions and Λ 0 are chosen, the evolution proceeds identically in both, scalar-tensor theories of gravity and TDiff gravity 10 .
Quantum mechanically, the relation between both theories is more subtle (see e.g. [21, 23, 34, 35] ). Being a global degree of freedom, Λ 0 can be treated in two different ways in the quantum theory. First, one can consider the projected case, where Λ 0 is fixed to a certain value. This case is identical to GR [34] . One could also consider Λ 0 as an integration variable in the path integral formulation of the theory. However, in the absence of a welldefined path integral formulation of the theory, the results of this approach, though very interesting, should be considered as preliminary (see, e.g., [35, 36] ).
Classical backgrounds and local degrees of freedom
In this section, we consider the maximally symmetric background solutions of the theory described by (2.12) and determine the conditions, under which they are perturbatively stable. By a maximally symmetric background solution we mean a solution of the classical equations of motion, which corresponds to constant fields in the particle physics sector of the theory and a maximally symmetric geometry, i.e. Minkowski (flat), de Sitter (dS) or Anti de Sitter (AdS) space-time. The existence of such a ground state may be essential for a consistent quantization of the theory. In order to find such solutions it is convenient to first rewrite the theory in the Einstein frame (E-frame), where the scalar field σ is minimally coupled to the metric. We define the E-frame metric as
in terms of which the Lagrangian (2.12) reads
For the previous transformation to make sense as a field redefinition between two field theories defined perturbatively around a certain background σ 0 , one should assume
This is at the same time the condition leading to an induced gravitational scale and weakly interacting spin-two excitations around this background (cf. ((2.12)). We will assume it henceforth. For a constant scalar field σ = σ 0 , the equations of motion imply
.
Unless the right-hand side vanishes, the first equation can be understood as an equation for σ 0 in terms of Λ 0 . The second equation shows that the solution may be flat, dS or AdS, depending on the TDF (and on Λ 0 through σ 0 ). In the degenerate case f (σ 0 )+4σ 0 f ′ (σ 0 ) = 0 (which, in particular, corresponds to UG), a maximally symmetric background solution only exists, if there is a value σ 0 , for which
Again, depending on the TDF, respectively the value of Λ 0 , the corresponding maximally symmetric space-time is flat, dS or AdS. Thus, in a TDiff theory containing the metric as the only field, maximally symmetric background solutions always exist, independently of the TDF (except may be in the degenerate case). Flat space-time is a solution, provided
For the study of the propagating degrees of freedom we will focus on the case in which flat space-time is a solution, 19) and introduce the perturbations
The part of the Lagrangian (2.14) quadratic in perturbations reads 11
where the first term in (2.21) is the standard quadratic Einstein-Hilbert Lagrangiañ
22)
11 Here and in the rest of the paper, we use the notation
for the derivatives of functions evaluated at the background field value .
with indices raised and lowered with the Minkowski metric η µν andh ≡h µ µ . This term describes two massless tensor degrees of freedom. From (2.21) one can see that whenever K (0) = K(σ 0 ) = 0, the theory also contains a scalar degree of freedom 12 . In that case, the scalar part can be brought to canonical form by defining the canonically normalized field
We get
The perturbations around the background (2.19) will be well-behaved provided that:
• The scalar field ς c has a positive definite kinetic term (absence of ghosts):
• The field ς c has positive or zero mass (absence of tachyons):
Finally, on top of the terms quadratic in the perturbations there is obviously a series of interaction terms. We will get interested in those terms in the upcoming sections, where we consider the phenomenology of different types of fields coupled to TDiff gravity.
Scale-invariant TDiff theories
In this section we will focus on scale-invariant TDiff theories including scalar fields only.
Other SM fields will be introduced in the subsequent sections. Assuming that the metric has a non-zero scaling dimension d g = 0, the Lagrangian (2.3) is invariant under the scale transformation
provided that the TDF satisfy,
where f 0 , G 0 and v 0 are arbitrary constants. The scaling dimension of the metric can be changed by performing the TDiff compatible field redefinition (α is a real constant)
Thus, different scaling dimensions correspond to equivalent theories. In particular, we could set d g = 2. The scale transformation with d g = 2 corresponds to a diffeomorphism Following the discussion in Section 2.2, we may look for maximally symmetric solutions for the TDF (3.2). Recalling that σ > 0, one finds that f (σ 0 ) + 4σ 0 f ′ (σ 0 ) = 0 for all values of σ 0 . Hence, maximally symmetric background solutions always exist. These solutions spontaneously break the scale symmetry. The condition (2.18) for the existence of the flat space-time solution is fulfilled only if v 0 = 0. Except for the case corresponding to GR, the spectrum around the flat background solution contains a propagating massless scalar degree of freedom. It represents the Goldstone boson of the spontaneously broken scale invariance.
The above theory is interesting because of its uniqueness. However, it is not enough for our purposes, since we want to build a theory containing a massive scalar field that plays the role of the SM Higgs field. In view of this, we will now consider the possibility of adding an extra real scalar field, φ. A scale-invariant TDiff theory including g µν and φ will be invariant under the transformations
By a field redefinition of the type
compatible with the TDiff invariance, the scaling dimensions of the fields can always be changed to different values. In other words, the way one attributes scaling dimensions to the different fields merely corresponds to the choice of field variables. Without loss of generality, we will choose the scaling dimensions to correspond to the usual canonical mass dimensions, i.e. d g = 0 and d φ = 1, for which the scale transformation is
An alternative choice of the scaling dimensions would be d g = 2 and d φ = 0. In this case, the scaling dimensions of the fields correspond to their tensorial rank. This choice reveals an interesting property of scale-invariant TDiff theories: the group of invariance including TDiff and the scale transformations where all fields have scaling dimension equal to their tensorial rank can be identified as a subgroup of Diff (see also the comments after Eq. (3.3)).
In other words, the symmetry group consisting of TDiff plus global scale transformations constitutes a subgroup of the full Diff group.
Supplementing the model (2.3) by a real scalar field and imposing invariance under the transformation (3.6), one finds the action 13
Here, and in many of the upcoming expressions, in order to shorten notations, we do no longer write Lorentz indices explicitly. The implicit contractions of Lorentz indices are done with the metric g µν if the Lagrangian is in the J-frame and withg µν if it is in the Eframe. Like in the theory containing only the metric field (Section 2), the Lagrangian (3.7) contains arbitrary functions (TDF) of the metric determinant g. The dependence on the scalar field φ is dictated by scale invariance. Note, however, that the situation is different if one chooses variables such that d g = 2 and d φ = 0. In that case, scale invariance dictates the dependence of the Lagrangian on g, while the arbitrary functions solely depend on φ.
Using the Stückelberg formalism illustrated in Section 2.1 we can write down the Lagrangian of the equivalent Diff invariant theory of (3 .7) as
For Λ 0 = 0, the corresponding action is invariant under (3.6) supplemented by the transformation of σ, i.e.
In fact, in this case, (3.8) is also invariant under the internal transformation
A non-zero Λ 0 breaks these symmetries. Thus, scale-invariant TDiff theories naturally produce a unique symmetry-breaking potential term. This should be contrasted with the situation in generic Diff invariant theories, where such a term could only be introduced ad hoc. In other words, starting from a Diff invariant theory, there would be no reason to include in (3.8) the term proportional to Λ 0 without also including all other possible terms breaking the scale symmetry (3.9). The Lagrangian (3.8) can be transformed to the Einstein frame (provided φ 2 f (σ) = 0), with the help of a conformal transformatioñ
It takes the form
(3.13)
Except for the term proportional to Λ 0 , the E-frame action is invariant under scale transformations with dg = 2 and d φ = 1. 14 That is why, in the scale-invariant part, φ can only enter in the combination
This can also be understood from the fact that in the E-frame the transformation (3.10) becomesg
The kinetic term for the scalar fields can be diagonalized by redefining the fields as 15
Note that we chose the integration constant such thatσ(σ 0 ) = 0 and kept σ 0 arbitrary for the moment. After this field redefinition (which is always solvable in perturbation theory) the Lagrangian simplifies to
, and the different functions are obtained by expressing σ as a function ofσ,
After the field redefinition (3.16), the scale transformation for φ translates into the invariance under global shifts of the dilaton field,φ →φ + λ. This can be understood as the E-frame manifestation of scale invariance in the J-frame. If Λ 0 = 0, the dilaton is exactly 14 Note that in the equivalent Diff invariant formulation, the action is exactly invariant under scale transformations with dg = dg = 2 and d φ = 0 as these transformations are a part of Diff. 15 Here we assume that both K φφ (σ) and
are non-zero.
massless, and interacts with the fieldσ (matter field) only through derivatives. In other words, it does not lead to measurable long-range interactions (for experimental bounds on light dilatons see e.g. [37, 38] ). This Lagrangian, when considered at the quantum field theory level, can be regularized by the standard procedures, such as dimensional or Pauli-Villars regularization. The subtraction procedure is then consistent with the shift symmetry and Diff invariance, i.e. this theory is anomaly free even if one uses the standard regularization schemes. Transforming the E-frame theory (action (3.17) plus counter-terms) back to the J-frame will result in a quantum theory with exact scale invariance. In dimensional regularization the exact invariance will be due to a field-dependent subtraction point, as described in [11, 12] , while if Pauli-Villars or lattice regularizations are used, it will be due to a field-depend mass, respectively lattice spacing [13] .
Classical backgrounds and local degrees of freedom
In this subsection we perform the analysis of maximally symmetric solutions and degrees of freedom for scale-invariant TDiff theories. As in Section 2.2, we will perform the analysis in the E-frame and assume that scale invariance is spontaneously broken; in particular
Once the previous condition is satisfied, Newton's constant (and other scales of the theory) are induced by the non-zero value of φ 0 . For maximally symmetric solutions, the scalar fields must be constant. Contrary to the previous case (cf. Section 2.2), this automatically sets the constant Λ 0 = 0 (other possibilities relevant for cosmological applications will be considered in Section 8). After setting σ = σ 0 , the equation of motion for σ yields the condition 20) or, in terms of the original TDF,
If this condition holds, the remaining equations for the background fields are
where φ 0 is not fixed by the equations of motion (as a consequence of scale invariance). For v(σ 0 ) = 0, the background will correspond to a dS or AdS space, while the Minkowski background is obtained for v(σ 0 ) = 0. This, together with the constraint (3.21), implies that in the scale-invariant theory with spontaneous symmetry breaking, the existence of a Minkowski background requires (compare with (2.18))
Once these conditions are satisfied, the Lagrangian (3.17) has a background solution with
whereφ 0 is an arbitrary real constant. We define the perturbations to the background as
In the rest of Section 3, Lorentz indices are raised, lowered and contracted with the Minkowski metric η µν . Let us split the Lagrangian into a term quadratic in the perturbations and an interaction term
For the quadratic term we get
where we have defined
(3.28)
In this case, on top of the two tensorial massless degrees of freedom, the theory contains two scalar degrees of freedom among which at least one is massless. We have the following criteria for the perturbations to be well-behaved: 16 • For positive definite kinetic terms (absence of ghosts):
• For positive or zero mass of ς c (absence of tachyons):
16 These conditions can also be formulated in a variable independent way. The first two conditions correspond to a positive definite field space metric to lowest order in the expansion around the constant background. Requiring that the matrix of second derivatives of the potential evaluated at the constant background solution should have no negative eigenvalue is the analog of the third condition.
Besides, there will be phenomenological constraints coming from the coupling of the previous fields to other fields of the SM. The only remark we want to make on this respect is that the massless field ϕ will be only derivatively coupled to σ (and, moreover, by higher dimensional operators), which implies that its effects at small energies are naturally suppressed (see Section 3.2).
Interactions and separation of scales
We now want to consider the interactions coming from the Lagrangian (3.17) for Λ 0 = 0. In general those are represented by an infinite series of terms arising from the expansion of the functionsK φφ (σ) andṼ (σ) and of the metric tensor around the constant background. The interaction terms obtained from the expansion of the Ricci scalar in (3.17) are suppressed by the Planck mass. We neglect them, as we will be interested in sub-Planckian processes (we consider the cut-off of the theory to be the mass scale M ). Let us consider the terms of dimension up to four:
These are the relevant operators for a scalar field minimally coupled to Einstein gravity. For a generic theory (where the TDF and their derivatives are of the order of one) the mass of the field ς is of the order of the Planck scale (cf. (3.28) ). If we want to identify the field ς with a low-energy degree of freedom (such as the Higgs boson of the SM), the TDF must obey several constraints. In particular, the mass of the particle must be much smaller than the mass scale M (which sets the cut-off scale of the theory) :
This condition is similar to the fine-tuning conditions of the SM, requiring that the Fermi scale is much smaller than the Planck scale.
Besides, for the theory to be weakly coupled at energies of order m ς , we also need to have κς mς , λ ς 1, which means
For the Lagrangian (3.31) to represent a consistent effective field theory at energies smaller than M , the corrections to it originating from the power expansions of the TDF must be suppressed (see, however, Section 3.3). The higher dimensional operators can be written schematically as
where we neglect numerical factors of order one, neglect tensor indices and define
The first line of (3.35) represents the standard higher dimensional operators for Einstein gravity and a minimally coupled scalar field. If the conditions (3.33) and (3.34) hold, they are all suppressed at energies below the scale M . The remaining terms are new higher dimensional operators that appear if the kinetic term is non-canonical and/or if the potential contains higher dimensional operators. The suppression scales of these operators are given by M φφ (n h , n ς ) and M V (n h , n ς ). They are at least of the order of the Planck scale M provided that
Let us now summarize the findings of this section. We have considered a scale-invariant theory of a scalar field coupled to TDiff gravity, which is described by the action (3.7) (or equivalently (3.17)). If there exists a value of σ 0 for which v(σ 0 ) = v ′ (σ 0 ) = 0 (i.e. V (0) =Ṽ (1) = 0), there exists a family of maximally symmetric solutions of the equations of motion, corresponding to flat space-time and constant scalar fields. Those solutions for which φ 0 = 0 spontaneously break the dilatation symmetry of the theory. Besides, scale invariance can be independently broken by an integration constant Λ 0 , which introduces a run-away potential for the dilaton field. The quadratic analysis of perturbations around the background solutions with Λ 0 = 0 shows that if the conditions
φφ > 0 are satisfied, the theory describes two massless tensor degrees of freedom, a massless scalar and a scalar of mass m 2 ς =Ṽ (2) . The scale M for gravity and the scales m ς and κ ς associated to the scalar field are induced by the non-zero value of φ 0 . 17 If the theory-defining functions are such that the conditions (3.33), (3.34) and (3.37) are fulfilled, the scalar and the tensor sectors decouple and all the non-renormalizable interactions are suppressed below the scale M . In this case, at energies well below M , the scalar field phenomenology resulting from the theory (3.7) is indistinguishable from the phenomenology of the corresponding renormalizable scalar-field theory.
Dependence on the choice of variables and exact renormalizability
Under very general assumptions, the Lagrangian (3.7) can be brought to the form (3.17) by a non-singular change of variables. Furthermore, one may still perform field redefinitions of the form (σ,φ) → (σ ′ ,φ ′ ) that modify the explicit expressions of the functionsK φφ (σ), V (σ), etc. For example, for some functionsK φφ (σ) one can make a change of variables which brings the kinetic term to the canonical form (see below). Also the functionsṼ (σ) andK Λ 0 (σ) appearing in the potential take different forms for different choices of variables. For instance, there might exist variables in terms of which the potential is polynomial, whereas in another set it contains exponential functions.
In the previous sections we expanded the Lagrangian around the constant background (3.24). The idea is that perturbations around this background can be quantized and interpreted as particles. Their tree-level masses and coupling constants are given by the coefficients of the Taylor expansion around the pointσ = 0, i.e. by terms of the formK (n) φφ andṼ (n) . Certainly, since the functions depend on the variable choice, for different sets of variables, tree-masses and coupling constants will take different values. Nevertheless, the equivalence theorems of [39] show that the so constructed quantum theories are equivalent for all choices of variables. A consequence of these theorems is that whenever one takes into account the whole (possibly infinite) series of terms in the Lagrangian to compute S-matrix elements, the result will not depend on the choice of variables if the transformations are well-defined perturbatively. The situations is different, however, if one uses effective field theory arguments to truncate the Lagrangian because, as already mentioned, the individual terms of the series expansions do depend on the choice of variables. This means that conditions like (3.33), (3.34) and (3.37) depend on the choice of variables. Therefore, applied to arbitrary variables, such conditions should be considered as sufficient but not necessary. It can happen, for instance, that for some choice of variables some of the suppression conditions (3.37) do not hold, but that the corresponding terms are nevertheless irrelevant 18 . In order to have a variable independent statement, the ensemble of conditions (3.33), (3.34) and (3.37) should be read as follows: "If there exists a set of variables in terms of which the conditions (3.33), (3.34) and (3.37) hold, then, at energies well below M , the scalar-field theory contained in (3.7) is indistinguishable from the corresponding renormalizable theory." Understood this way, the conditions are necessary and sufficient.
As a particular example of the previous reasoning, one may wonder whether there exists a set of field variables in terms of which the kinetic part of the Lagrangian (3.17) takes exactly the canonical form. The condition for such variables to exist is the vanishing of the Riemann tensor computed from the field space metric [40] 
This condition corresponds to 19
FunctionsK φφ (σ) which satisfy this equation have the form
where c 1 and c 2 are arbitrary constants. One can also formulate the conditions which guarantee that for the variables that give a canonical kinetic term, the scalar field potential (for Λ 0 = 0) becomes a polynomial of a maximum order p,
where the semicolon stands for the covariant derivative with respect to the metric (3.38). If these conditions hold for p = 4 and at the same time condition (3.39) is fulfilled, the scalar part of the Lagrangian describes a tree unitary and renormalizable quantum field theory [40] . For this to be the case, the functionṼ (σ) has to be of the form 19 In terms of the functions without tilde, the same condition reads
Including gauge bosons
In this section we will consider the addition of (massive) gauge fields to the previous picture of scale-invariant TDiff Lagrangians. Remind that in the Higgs mechanism, gauge fields get their masses from a non-zero expectation value of a scalar field. We are going to show how a similar phenomenon can occur due to spontaneous breaking of scale invariance in a scale-invariant TDiff theory, where the massive field σ will play a role similar to the Higgs field of the SM. For simplicity we will consider the case of an Abelian gauge group.
If the scalar field φ is promoted to a complex field, the Lagrangian (3.7) is invariant under a global U (1) symmetry. This symmetry can be turned into a gauge symmetry by introducing an Abelian gauge field (note that gauge fields have scaling dimension d A = 1). The generalization of (3.7) to this case reads
where the covariant derivative is defined as D µ ≡ ∂ µ − ieA µ and the function G gφ (−g) is complex valued. In this action we have also included the non-analytical term ∂|φ|. Notice that this term is unique and perfectly well defined around the background φ 0 = 0, so it is natural to consider it as a term in the potential on the same footing as we consider generic TDF 20 . Moreover, we have defined the wedge product as F ∧ F = ǫ µνρσ F µν F ρσ , where ǫ µνρσ ≡ √ −g ε µνρσ , with ε µνρσ being the standard Levi-Civita tensor. We will analyze the theory in the unitary gauge φ * = φ, in which the Lagrangian reads
where Re and Im stand for the real and imaginary part, respectively. Following the formalism developed in Section 2.1, one can directly write down the equivalent Diff invariant theory in the Einstein frame as (see (3.11) )
At this point, as in the case without gauge fields, we can make a field redefinition in order to eliminate the derivative couplings between the different fields. This will simplify the interpretation of the theory as a description of interacting particles. The extension of expression (3.16) to this case is 21
in terms of which the above Lagrangian reads
where ǫ σ = sign (3.18) . Note that the fieldφ is completely decoupled from the vector fields (which follows from scale and gauge invariance), thus the mass of the vector bosons is related to the interaction with the "gravitational" fieldσ. In this loose sense, the role of the Higgs field is played by the determinant of the metric 22 . The previous Lagrangian may be subject to different constraints that we will consider in the next sections. 21 We assume that K φφ , Kint and
are non-vanishing. 22 A possible connection between the Higgs field and the determinant of the metric was suggested previously in [41, 42] from different considerations.
Local degrees of freedom
Like in the case without gauge fields, the existence of a constant solutiong µν = η µν ,σ = 0, φ =φ 0 andÃ µ = 0 is assured by the conditions (we also assume f (σ 0 ) = 0)
Let us also recall that the constant solution has Λ 0 = 0. We again want to examine the nature of the perturbations around the constant solution, which we define as
In the rest of Section 4, Lorentz indices are raised, lowered and contracted with the Minkowski metric η µν . To quadratic order the Lagrangian (4.6) reduces to
At the level of the quadratic Lagrangian, the following conditions must be satisfied:
• For positive definite kinetic terms (absence of ghosts):
• For positive or zero masses (absence of tachyons):
Interactions and separation of scales
The terms of dimension up to four are 13) where we have defined the parameters
As in the previous section, we will require that the mass scales of the fields ς andÃ µ are parametrically smaller than the cut-off M , . In addition, we have the following conditions that prevent the theory from being strongly coupled,
where m min ≡ min (m ς , m A ). Note that the first two conditions might not be necessary for a particular structure of the interactions. In particular, these conditions are not necessary if the theory corresponds to the Abelian Higgs model. The higher dimensional terms can be written schematically as
where, as before, we neglect numerical factors of order one, neglect tensor indices and define the suppression scales
The first term in (4.17) represents the standard higher dimensional operators of a theory minimally coupled to gravity, and are suppressed at energies below M as soon as the conditions (4.15) and (4.16) hold. The additional operators come with the suppression scales
and M ε (n h , n ς ). These are comparable to or bigger than the scale M whenever for all values n ς and n h can take in the sums in (4.17) . If the conditions (4.11), (4.12), (4.15), (4.16), (4.16) and (4.19) are met, the effective Lagrangian for describing the scalar and vector sectors at energies far below M is
(4.20)
We would like this Lagrangian to give rise to a consistent quantum field theory at energies low with respect to M . It has been shown [40] that the only tree-unitary theories containing scalar fields and massive vector particles are those that correspond to a spontaneously broken gauge theory 23 . Thus, for our model to be tree-unitary at energies below M (and above m A ), the above effective Lagrangian should correspond to the Abelian Higgs model in the unitary gauge. This means that the six couplings m ς , κ ς , λ ς , m A , κ A and λ A should satisfy the three relations
In the present model, these relations can be translated to the following conditions on the TDF: 22) where by the approximate equalities we mean that the relation should hold up to suppressed terms, i.e. for two quantities a and b one has a ≃ b whenever
. These conditions are expected to be stable under radiative corrections since they approximately correspond to a gauge theory with spontaneous symmetry breaking.
We can now draw the following conclusion. If there exists a set of variables in terms of which the conditions (4.7), (4.11), (4.12), (4.15), (4.16), (4.19) and (4.22) hold, then at energies well below M the theory given by (4.1) is indistinguishable from the renormalizable Abelian Higgs model. While some of these conditions can be naturally satisfied, for instance by polynomial TDF, the conditions related to the smallness of particle masses with respect to the Planck scale M may require a fine-tuning (see Section 7). Hence, scale-invariant TDiff theories do not provide any explanation for the huge difference between the Planck mass M and the mass scales of the SM. However, the presence of the extra field φ allows to introduce scale-invariant regularization schemes, under which the mass of the Higgs boson is not affected by the cut-off scale of the theory [12] .
Coupling to fermionic matter
Finally, let us study the inclusion of fermions to scale-invariant TDiff theories 24 . A generic scale-invariant spinor Lagrangian compatible with TDiff can be written as 25 We should mention here that, as soon as a theory includes several fields with non-trivial scaling dimensions, scale invariance alone does not forbid the presence of arbitrary functions of scale-invariant field combinations. In the present example, all terms in the Lagrangian can in principle contain arbitrary functions of the combinationψψ/φ 3 . Terms with φ in the denominator would be well-defined in a perturbative theory around a symmetry breaking background φ 0 = 0, however, they would correspond to higher dimensional operators. Terms withψψ in the denominator, on the other hand, are in general ill-defined. We will stick to the requirement of polynomiality, bearing in mind that this is a variable dependent criterium.
Introducing the Stückelberg field as described in Section 2.1, the Lagrangian (5.1) can be written as
In the vierbein formalism the field redefinition (3.11) corresponds tob
Together with the redefinition of the spinor fieldψ
it yields the Lagrangian in the E-frame (see e.g. [45] )
We see that the scale invariance of the spinor Lagrangian in the J-frame also leads to the decoupling of fermions from the dilaton field φ in the E-frame. The above Lagrangian contains the interactions between the fundamental fermions, the gravitational field and the scalar field. To study non-relativistic processes, it is convenient to formulate these interactions in terms of particles interacting through certain potentials. For fields without strong interactions at low energies, this is done by a WKB approximation, and realizing that the corresponding particles propagate in geodesics of the metric to which they are coupled [46] (alternatively, one may use non-relativistic scattering amplitudes and the Born approximation to reconstruct the potential characterizing the interaction [47] ). For other fields (such as quarks), the consequence of non-trivial couplings in lowenergy phenomenology (e.g. for the gravitational interaction of hadrons) is certainly more complicated [37, 48, 49] . In the present case, it is relatively simple to write down the different possible terms that can appear for the point-particle Lagrangians. They will be of the form
where x µ (τ ) denotes the worldline of a point particle and G pp (σ) is an arbitrary function to be deduced from (5.2). As happens for the fundamental fields, moving to the E-frame makes the field φ disappear (φ is not coupled to matter fields), and we are back to a theory where particles move on geodesics of the effective metric G pp (σ)g µν , reflecting the fact that the fundamental fields are coupled to the fieldsg µν and σ. The interaction mediated by g µν is long-ranged, while the range of the interaction due to σ depends on its mass m ς (cf. (4.10)).
Application to the Standard Model
The basics established in the preceding sections can be used to construct a scale-invariant version of the Standard Model of particle physics coupled to gravity. Let us describe how this should be done. The scalar-tensor sector of the theory is given by the Lagrangian (3.7) where φ is replaced by the complex Higgs-doublet H. All fermions and bosons of the SM are then added and coupled to gravity in the way described in Sections 4 and 5, again with H replacing φ. The generalization to the group structure of the SM is straightforward. All TDF have to be chosen such that they fulfill a series of conditions of the type of (3.23), (4.11), (4.12), (4.15), (4.16), (4.19) and (4.22) . In this way, one obtains a model whose particle phenomenology at energies well below the Planck mass M is indistinguishable from that of the SM. In particular, the massless dilaton practically decouples from all the fields of the SM, except for the Higgs field to which it couples only through very suppressed interactions.
Particular choices of the theory-defining functions
In the previous sections we have derived a number of conditions to be satisfied by the theory-defining functions. These conditions are summarized in Table 1 . Similar conditions should be imposed for the fermionic sector, but for the sake of simplicity we will restrict our considerations to the scalar and gauge sector (Lagrangian (4.1)).
Physical Meaning Formal Conditions

C1
Existence of a constant flat solution
C3
Positive definite kinetic terms (absence of ghosts) ǫ ς , ǫ ϕ , ǫ A = 1
C4
No negative masses
Equivalence with Abelian Higgs model The parameters in terms of which the conditions are formulated are defined through the TDF. They are summarized in Table 2 remember 
It is clear that it would be desirable to have an independent argument for choosing the arbitrary TDF (e.g. an additional symmetry) such that they automatically satisfy the conditions in Table 1 . For the moment, we have unfortunately not found such a rationale.
i. Signs of kinetic terms
Masses and relevant couplings
iii. Suppression scales Table 1 Nevertheless, we will give in this section three explicit ad hoc examples to show the existence of TDF satisfying the previous requirements.
Polynomial TDF
The first example we give is motivated by its simplicity. All theory-defining functions can be taken to be polynomials of the metric determinant. In analogy with the Higgs potential we choose
which satisfies condition C1. The simplest choice for the remaining functions is given by
(7.2)
For this choice of functions the parameters of the theory are summarized in Table 3 (σ 0 = −g 0 ).
The conditions C1-C3 in Table 1 are immediately satisfied by this choice of TDF. The conditions C4-C7 are satisfied provided that 0 < σ 0 ≪ 1 and that 0 < e 2 1/2 and 0 < λ 1/6. Finally, the condition C8 always holds, independently of the parameter i. Signs of kinetic terms
ii. Masses and relevant couplings values. The small value of σ 0 is responsible for the hierarchy between the Planck scale M and the scales related to the scalar and vector sectors. It is also interesting to observe that the higher dimensional operators are suppressed below the Planck scale independently of the value of σ 0 .
We conclude that the theory given by the Lagrangian (4.1) with TDF (7.1) and (7.2) is almost equivalent to the renormalizable Abelian Higgs model at energies well below the Planck scale M . The only difference is the term coming from the dilaton,
3)
The (non-renormalizable) interactions appearing in this term certainly produce differences between the two theories, but these effects are suppressed both by the Planck scale and by the derivative coupling of the dilaton. They may be relevant in the context of cosmology, discussed in the next section.
Finally, we would like to note that by changing variables one can easily find other sets of polynomial functions which describe a theory equivalent to the one given by (7.1) and (7.2) (and thus also to the Abelian Higgs model) and which also satisfy all conditions C1-C8. For example, one can redefine the metric and the scalar field φ through 26
where α and β are some arbitrary numbers. In terms of the new variables the Lagrangian 26 A slightly more general family equivalent to the Abelian Higgs models in the previous sense is easily found by allowing a generic function ofσ in (7.3) . This is the Lagrangian of the Abelian Higgs model,σ being the Higgs field in the unitary gauge, plus a dilaton fieldφ with an exponential potential proportional to Λ 0 and coupling only to gravity.
Making use of the relations (4.4) it is straightforward to find a set of TDF that satisfy the requirements (7.7): 27
By construction, this set of TDF satisfies all conditions C1-C8, as soon as 0 < −g 0 ≪ 1, 0 < e 2 1/2 and 0 < λ 1/6. Moreover, as the theory corresponds to the Abelian Higgs model, its particle physics part contains no higher dimensional operators and is renormalizable.
The choice of TDF given by (7.10) might seem somewhat peculiar. However, one should remember that the explicit expressions of the TDF depend on the variables in which one chooses to express the Lagrangian. In particular, if one chooses variables such that d g = 2 and d φ = 0 (c.f. Section 3), the arbitrary functions only depend on φ. In terms of those variables, the Abelian Higgs model plus decoupled dilaton corresponds to choosing the arbitrary functions to be polynomials in φ.
TDF reproducing scale-invariant unimodular gravity
In an earlier work [5] two of us (M. S. and D. Z.) presented a model which combines scale invariance and unimodular gravity. There, a new singlet scalar field was introduced in order to make both the gravitational and the matter part of the action scale-invariant. Unlike in the present proposal, that scalar field was introduced ad hoc and was not related to the restriction of the gauge group from Diff to TDiff. Due to the shape of the potential, scale invariance was spontaneously broken. In the same model, standard GR was replaced by unimodular gravity with the aim of introducing a cosmological constant without explicitly breaking scale invariance. As already mentioned in Sections 1 and 2, the unimodular theory can be considered as a particular TDiff model with the constraint g = −1. Therefore, the model of [5] can certainly be written as a scale-invariant TDiff theory. To find the corresponding TDF, we will consider the simpler example where the full SM considered in the ground state of the system is scale-invariant, meaning that the theory does not have any particle excitations or that the theory is free. If v(−g 0 ) < 0, the theory does not have a ground state at all. In other words, the only sensible case is v(−g 0 ) = 0 corresponding to a flat direction in the scalar potential and leading to spontaneous breakdown of scale invariance. As we have seen in Section 3, if gravity is included, the cases where v(−g 0 ) = 0 do not have known pathologies and simply correspond to dS or AdS spaces, characterized by a non-zero cosmological constant. So, scale-invariant TDiff theories do not give a solution to the cosmological constant problem. Still, they provide another perspective towards its solution, transferring the problem to the requirement of some specific property (eq. (3.23) ) of one of the TDF.
We will start this section by considering that (3.23) is satisfied, but Λ 0 = 0. Let us discuss qualitatively the cosmological solutions in our theories and see how they affect local particle physics. To this end we consider the Lagrangian (3.17) to which we add a matter part
where L m contains all bosonic and fermionic degrees of freedom of the SM coupled to the scalar fields and gravity in the way described in Sections 4 and 5. Notice that the dependence of the potential onφ is uniquely determined by the way scale invariance is broken in TDiff theories. Similar potentials have been considered in the past in the context of scalar tensor theory, cf. [45] . Consider now the homogeneous fieldsσ =σ(t) andφ =φ(t) living in a flat Friedmann-Lemaître-Robertson-Walker (FLRW) space-time with metric
whereã(t) is the scale factor. The dynamics of the homogeneous scalar fields is mainly determined by the potential
As long as the kinetic term of the scalar fields is positive-definite, the scalar fields tend to roll down the potential, with some friction caused by the expansion of space-time. In theσ-direction the potential has a minimum atσ = 0 due to the conditions (4.7) 30 . In theφ-direction, the potential is governed by the exponential factor. If Λ 0KΛ 0 (σ) > 0, the potential is of the run-away type, i.e. it gets minimal forφ → ∞. In the oppositepathological -case the potential forφ is not bounded from below. Hence, a typical evolution of the scalar condensatesσ andφ will be the following: The first term of the potentialṼ Λ 0 drives the trajectories towards the "valley"σ = 0. Due to the Hubble friction the field 30 Note that to get this minimum it is enough that condition (3.21) holds.
undergoes damped oscillations around the valley before asymptotically approachingσ = 0. The second term inṼ Λ 0 drives the trajectory towardsφ → ∞. Afterσ has settled down in the valley, this leads to a roll-down along the valley 31 . For appropriate choices of the TDF and initial conditions, the roll-down towards the valleyσ = 0 can give a mechanism for inflation. During the subsequence roll-down along the valley, the scalar fields can play the role of a dynamical dark-energy component (quintessence). This is a generic scenario for scale-invariant TDiff theories. A concrete realization has been proposed in [5] (see also [50] ).
Since the evolution drivesσ → 0 it seems reasonable to assume that in the present universeσ ≃ 0. If this is fulfilled, then all masses and couplings of the SM-particles are like in the case Λ 0 = 0 described in the above sections. The only effects of the cosmological background on particle physics would then come throughφ(t). One can put simple and still very strong bounds on the influence ofφ(t) by requiring that its energy density does not give a too big contribution to the energy density of the universe. In other words, both the kinetic and the potential energy of the condensateφ(t) have to be smaller than today's critical energy density ρ 0 cr = 3M 2 H 2 0 ≃ 10 −120 M 4 , i.e. These constraints, together with the conditions on the derivatives ofK φφ (σ), (4.19) and similar conditions on the derivatives ofṼ Λ 0 (σ) guarantee that all interactions induced by ∂ 0φ = 0 are highly suppressed and can be neglected in the description of local particle interactions. Finally, we would like to briefly comment on the situation where v(σ 0 ) = 0. As we already stated, this case is equivalent to the presence of a cosmological constant (cf. (3.22) ). In this situation, phenomenological bounds imply that this term must be very small, and will not affect the conclusions on local physics of the previous sections. It will, however, be important for late time cosmology, as it represents a contribution to dark energy on top of those coming from the dynamics of the scalar fields presented previously in this section. In fact, asymptotically, this constant term becomes dominant over the other contributions, as they are diluted during the expansion of the universe.
Conclusions
In this paper we have shown that scale-invariant TDiff theories constitute a viable alternative to standard General Relativity (GR). The group of space-time symmetries of these theories is not the full group of diffeomorphisms, but rather its subgroup defined by 4-volume preserving transformations. Hence, TDiff theories depend on a number of a priori arbitrary functions of the metric determinant, the theory-defining functions (TDF). As a consequence, TDiff theories generically have more physical degrees of freedom in the gravitational sector: in addition to the massless graviton they contain a propagating scalar degree of freedom that may or may not be massive.
In order to study the phenomenology of TDiff theories, we first formulated them in terms of equivalent Diff invariant theories by means of a Stückelberg field. An advantage of the Stückelberg formalism is that it makes the new scalar field appear explicitly in the Lagrangian. A very interesting feature of TDiff theories is the appearance of an arbitrary mass scale Λ 0 . In the TDiff formulation of the theory this scale appears as an integration constant in the equations of motion, while in the equivalent Diff invariant formulation it appears as a new coupling constant in the Lagrangian. The appearance of Λ 0 is exactly analog to the appearance of an arbitrary cosmological constant in unimodular gravity. Notice, however, that in the present context Λ 0 does not play the role of a cosmological constant.
Next, we focused on the scale-invariant case, i.e. we considered actions that are invariant under global dilatations. We were interested in the situation where scale invariance is spontaneously broken, such that all scales of the theory are induced by the expectation value of a scalar field. We found that if the theory contains only one scalar degree of freedom, this degree of freedom is necessarily the Goldstone boson of the spontaneously-broken scale invariance. Therefore, as our objective was to construct a theory in which a scalar field plays the role of the SM Higgs field, we were lead to the introduction of an additional scalar field. The scale-invariant TDiff theories including an additional real scalar field were studied in detail. After extending the scale-invariant TDiff theories to gauge theories and including fermionic fields, we discussed how the framework can be generalized to include all degrees of freedom of the Standard Model.
For Λ 0 = 0, the spectrum of scalar excitations around a symmetry-breaking background consists of the a massless scalar dilaton plus a potentially massive scalar degree of freedom. The dilaton decouples from all SM degrees of freedom except for the Higgs field, to which it couples derivatively. A non-zero Λ 0 leads to a very particular potential term breaking the scale symmetry explicitly. This term can yield an additional interaction between the dilaton and the Higgs field which is, however, negligible for particle physics phenomenology. Interestingly, the Λ 0 -term can depend on the dilaton only through the exponential function exp(−4φ/M ). As a consequence, the dilaton can give rise to dynamical dark energy.
For the theory restricted to the gravitational, vector and scalar sectors, we derived the conditions on the TDF leading to a renormalizable low-energy theory in the particle physics sector. Moreover, we gave three explicit examples of TDF satisfying these conditions. One of the examples corresponds to the model of [5] .
Next, we commented on the generic behavior of cosmological solutions. In particular, we found that the conditions yielding a theory close to the SM, entail an interesting cosmological phenomenology. Namely, the corresponding solutions can describe a phase of inflation in the very early universe, whereas the existence of a small Λ 0 produces a runaway potential for the dilaton, which can hence play the role of a dynamical dark energy component.
Finally, generic TDF also imply the presence of a pure cosmological constant term. Keeping this contribution small represents a fine-tuning similar to the fine-tuning required in GR to get a small cosmological constant. Indeed, it is interesting to compare this situation with the naturalness problem of the Higgs mass. Scale invariance is a key ingredient for a solution of the problem of stability of the Higgs mass against radiative corrections. This invariance keeps the corrections small (at least if dimensional regularization is used [12] ). At the same time, the smallness of the Higgs mass in comparison with the Planck scale is not explained and must be imposed "by hand", as in SM with a cut-off given by the scale of strong coupling of GR. The same statement is true for the cosmological constant. In spite of the fact that scale invariance forbids any mass parameters in a theory, a cosmological constant is generally present, and is related to the self-interaction of a scalar field (Higgs) in the J-frame. Only tuning this term to zero makes for the absence of a cosmological constant.
